Abstract. We obtain the Gorenstein flat model structure on the category Mod(R) of left Rmodules provided R is a GF-closed ring. Our approach does not rely on the coherence of the ring and so it is necessarily different from the same Gorenstein flat model structure obtained by Gillespie for coherent rings. Our technique can be extended to get new models for Gorenstein flat modules relative to other contexts, like the so-called Gorenstein AC-flat modules.
Introduction and preliminaries.
In a recent paper [Gil17, Theorem 3 .3], James Gillespie constructs an hereditary abelian model structure on the category Mod(R) of left R-modules over a coherent ring, where the cofibrant objects are given by the class of Gorenstein flat modules, and the fibrant objects by the class of cotorsion modules. The method used by the author to obtain this new model structure is described in the general setting of abelian categories, in another paper of his (See [Gil15, Main Theorem 1.2]). One of our goals is to extend Gillespie's [Gil17, Theorem 3.3] to the categories Mod(R) and Ch(R) with R a GF-closed ring. Here, Ch(R) denotes the category of chain complexes of left R-modules. For the categories of right R-modules and complexes of right R-modules, we shall use the notations Mod(R op ) and Ch(R op ), respectively. Chain complexes shall be represented in boldface font, that is X ∈ Ch(R) means that X is a chain complex of left R-modules. Modules components, on the other hand, shall be represented in normal font: X m ∈ Mod(R) denotes the m-th component of X, where m ∈ Z. The m-th boundary map of X shall be denoted by ∂ X m : X m → X m−1 . The cycles and boundary modules of X shall be denoted by Z m (X) := Ker(∂ X m ) and B m (X) := Im(∂ X m+1 ). One important property about Mod(R) is that it comes with a tensor product
where Ab denotes the category of abelian groups. For any right R-module N ∈ Mod(R op ), we have a covariant right exact functor N ⊗ R − : Mod(R) −→ Ab. For X ∈ Ch(R), we say that X is (N ⊗ R −)-acyclic if N ⊗ R X is an exact complex of abelian groups, with (N ⊗ R X) m := N ⊗ R X m and boundary maps given by N ⊗ R ∂ X m : N ⊗ R X m → N ⊗ R X m−1 . With this preliminaries in hand, we are ready to recall the concept of Gorenstein flat modules. Definition 1.1. A left R-modules M ∈ Mod(R) is Gorenstein flat if there exists an exact complex F ∈ Ch(R) of flat left R-modules such that:
(1) M = Z 0 (F ).
(2) F is (I ⊗ R −)-acyclic, for every injective right R-module I.
In contrast to its Gorenstein projective and Gorenstein injective analogues, it is not known whether or not the class GF (R) of Gorenstein flat left R-modules is closed under extensions. As of now, this property holds true for some particular choices of the ground ring R. For instance, it is well known that GF (R) is closed under extensions in the case where R is a right coherent ring. This is a consequence of the fact that, over such rings R, (GF (R), GC(R)) is a complete and hereditary cotorsion pair in Mod(R), where GC(R) := (GF (R)) ⊥ In a more general attempt to find rings over which GF (R) is closed under extensions, D. Bennis introduced the concept of left GF-closed rings, that is, rings R for which GF (R) is closed under extensions. One of the main contributions by Bennis in his paper [Ben09] was to find examples of GF-closed rings which are not right coherent or do not have finite weak dimension (See [Ben09, Example 3.6] for details).
In the next sections, we will obtain Gillespie's Gorenstein flat model structure on Mod(R), provided that R is a left GF-closed ring. This will be a consequence of a more general approach dealing with Gorenstein flat modules relative to duality pairs in the sense of Bravo, Gillespie and Hovey [BGH, Appendix A] . This notion carries over to the category of chain complexes, thanks to the study of duality pairs presented by X. Yang in [Yan12] , and as a consequence, we will also obtain the Gorenstein flat model structure on Ch(R), with R a left GF-closed ring.
Organization of the paper. In Section 2 we introduce the notion of Gorenstein flat left Rmodules relative to a class B ⊆ Mod(R op ). We prove some general properties and equivalent characterizations of these modules, and in the end we construct an hereditary and complete cotorsion pair from them.
In Section 3 we generalize the results from Section 2 to the category Ch(R) of complexes. The definition of Gorenstein flat complexes relative to a class of complexes in Ch(R op ) will be presented considering a particular tensor product of complexes introduced by J. R. García Rozas in [GR99] . We will also study complexes of relative Gorenstein flat modules, and provide a characterization for them as Gorenstein flat complexes relative to a certain class of complexes in
Model structures will be the main topic of Section 4. Assuming closure under extensions for relative Gorenstein flat modules, we will be able to construct a new model structure on Mod(R) in which these modules are the cofibrant objects. As a consequence, we will obtain Gillespie's Gorenstein flat model structure on Mod(R) when R is a coherent ring (see [Gil17] ). Part of our generalization has to do with one of our corollaries that claims that Gillespie's model also exists in the case where R is a GF-closed ring. We later prove the existence of the relative Gorenstein flat model structure on the category of complexes.
Section 5 will be devoted to compare several model structures on chain complexes associated to relative Gorenstein flat modules. Quillen adjunctions between these models are obtained, and for some of them, their homotopy categories will form an arrangement of triangulated categories and functors known as recollement.
Finally, in Section 6 we study several situations under which the class of relative Gorenstein flat modules is closed under extensions. Here, relativity will be considered with respect to classes that form part of duality pairs. We will introduce the concept of chirality pair, a sort of mix between cotorsion pairs and duality pairs, in order to present our results as general as possible.
Preliminaries. We conclude this section with some preliminaries to keep in mind in the sequel.
(1) Let F be a class of left R-modules and i > 0. The i-th right orthogonal complement of F is the class of left R-modules defined by:
Total and i-th left orthogonal complements are defined dually. (2) Let F be a class of left R-modules. A morphism ϕ : F → M is called:
• An F-precover of M if F ∈ F and if the induced morphism
is an epimorphism.
• An F-cover if it is an F-precover and if, whenever ϕ = Hom R (F, ϕ)(h), then h is an automorphism of F .
• A special F-precover if it is an F-precover, epic and Ker(ϕ) ∈ F ⊥ 1 . The class F is called precovering, covering or special precovering if every M ∈ Mod(R) has an F-precover, an F-cover or a special F-precover, respectively.
The notions of (special) (pre)envelopes and (special) (pre)enveloping classes are dual. (3) A class F of left R-modules is projectively resolving if it is closed under extensions and under kernels of epimorphisms between its objects, and if it contains the class of projective left R-modules. The dual concept is called injectively resolving class.
• Hereditary if F is projectively resolving, or equivalently, if G is injectively resolving.
• Complete if F is special precovering, or equivalently, G is special preenveloping.
• Generated by a set if there exists a set S ⊆ F of left R-modules such that G = S ⊥ 1 . It is well known that every cotorsion pair in Mod(R) generated by a set is complete. (5) Three particular types of chain complexes need to be recalled. Let M be a left (or right)
R-module and m ∈ Z. The m-th disk complex centered at M is the chain complex
with the M 's in the m-th and (m − 1)-th places, and 0 elsewhere. The m-th sphere complex centered at M is the chain complex
with M in the m-th place, and 0 elsewhere. Finally, given a chain complex X = {X m , ∂ X m }, the m-th suspension of X is the chain complex Σ m (X) defined by (Σ m (X)) k := X k−m for every k ∈ Z, and with boundary maps ∂
A class F of left R-modules is a κ-Kaplansky class if for every submodule N ⊆ F such that F ∈ F and N is κ-presentable, there exists a κ-presentable modules F ′ ∈ F with N ⊆ F ′ ⊆ F and such that F/F ′ ∈ F. One usually says that F is a Kaplansky class if it is a κ-Kaplansky class for some regular cardinal κ. The previous concepts have their analogues in the category Ch(R) of chain complexes. In the case of (6), given a chain complex X ∈ Ch(R), its Pontrjagin dual is the complex X + ∈ Ch(R op ) defined by X + := Hom(X, D 0 (Q/Z)).
The symbol Hom appearing before is an internal hom in the sense of (bi)closed monoidal categories (see [Kel82] ). Let X, Y ∈ Ch(R). Define Hom
. (X, Y ) as the chain complex of abelian groups given by
for every m ∈ Z. The boundary maps ∂
2. Gorenstein B-flat modules.
We begin this section presenting the notion of Gorenstein flat modules relative to a class of modules, and show several properties associated to them. Gorenstein flat modules will be a particular instances, and so, these new Gorenstein flat modules will not always be closed under extensions. In the case they are, we will show that it is possible to construct a complete and hereditary cotorsion pair from them.
Definition 2.1. Let B be a class of right R-modules. We say that a left R-module M is Gorenstein B-flat if there exists an exact complex F ∈ Ch(R) of flat left R-modules such that:
(
We use GF B (R) to denote the class of Gorenstein B-flat modules. • There exists an exact sequence of left R-modules
where each F i is flat and such that B ⊗ R − leaves the sequence exact whenever B is a right R-module in the class B. Proof. Let B F be the class of exact complexes of flat modules F such that B ⊗ R F is exact, for every B ∈ B. By [EG15, Theorem 3.7], the class B F is a Kaplansky class. Therefore the class GF B (R) is also a Kaplansky class (as it is the class of 0-cycles of complexes in B F).
In case the class GF B (R) is closed under extensions we get nicer properties. The first two properties concern approximations. Proof. By Lemma 2.4, the class GF B (R) is Kaplansky. Since it is closed under extensions, we get from Corollary 2.5 above that it is closed under direct limits. Therefore the result follows from Enochs and López Ramos [ELR02, Theorem 2.5]
We can infer from the previous that the pair (GF B (R), GF B (R) ⊥ 1 ) is generated by a set.
Corollary 2.7. If the class of Gorenstein B-flat modules is closed under extensions then the pair
is a complete and hereditary cotorsion pair generated by a set.
Proof. By Lemma 2.4 the class GF B (R) is a Kaplanksy class. By Corollary 2.5, it is also closed under direct limits. Therefore, since it is closed under extensions, a standard argument on deconstruction and transfinite induction yields that the cotorsion pair (GF B (R), GF B (R) ⊥ 1 ) is generated by a set.
We will denote by GC B (R) the class GF B (R) ⊥ 1 . We call a module in GC B (R) a Gorenstein B-cotorsion module.
Gorenstein B-flat complexes.
In this section, we prove the chain complex counterpart of the results appearing in Section 2. We recall first the definition of the usual tensor product for complexes. If B is a complex of right R-modules and F is a complex of left R-modules then the tensor product of the complexes B and F is the complex B ⊗ . F with
In [GR99] , García Rozas introduced another tensor product: if B is again a complex of right R-modules and F is a complex of left R-modules then B ⊗ F is defined to be B ⊗ . F /B(B ⊗ . F ). Then with the maps,
This is the tensor product we use to define Gorenstein B-flat complexes.
We recall that a complex F ∈ Ch(R) is flat if F is exact and if for each m ∈ Z the module Z m (F ) is flat ([GR99, Theorem 4.1.3]). This is equivalent to ask that the functor
Definition 3.1. Let B be a class of complexes of right R-modules . We say that a complex of left R-modules X is Gorenstein B-flat if there exists an exact complex F ∈ Ch(Ch(R)) of flat complexes of left R-modules such that:
(1) X = Z 0 (F ).
(2) F is (B ⊗ −)-acyclic, for every complex of right R-modules B ∈ B.
We will denote by GF B (R) the class of Gorenstein B-flat complexes in Ch(R).
Remark 3.2. If the class B contains the injective complexes, then any Gorenstein B-flat complex is, in particular, a Gorenstein flat complex.
A similar argument as the one in [Ben09, Theorem 2.3], with B replacing the injective complexes, gives the following result (the corresponding result to Lemma 2.3, for complexes). (1) X is Gorenstein B-flat.
(2) X satisfies the following conditions:
• Tor Proof. By abuse of notation, let B F be the class of exact complexes of flat complexes F such that B ⊗ F is exact, for every B ∈ B. By [EG15, Proposition 3.4], the class B F is a Kaplansky class. Therefore, the class GF B (R) is also a Kaplansky class (as it is the class of 0-cycles of complexes in B F ).
In case the class GF B (R) is closed under extensions it has nicer properties. As in the case of modules, the first two properties we mention concern approximations. We will denote by GC B (R) the class (GF B (R)) ⊥ 1 . We call a complex in GC B (R) a Gorenstein B-cotorsion complex.
Complexes of Gorenstein B-flat modules. Given a class of right R-modules B, we can consider the class Ch(GF B (R)) of complexes of Gorenstein B-flat modules. In light of the previous section, it makes sense to wonder whether or not Ch(GF B (R)) agrees with the class of Gorenstein D-flat complexes, for a suitable class of complexes D ⊆ Ch(R op ). We can establish the following general relationship between the two classes: Proof. Let X be a Gorenstein Ch(B)-flat complex. Then, there exists an exact sequence of flat complexes
) and B ⊗ F is exact for any complex B ∈ Ch(B). For any m ∈ Z we have an exact sequence of flat left R-modules Proposition 3.9. Let B be a class of right R-modules and assume that GF B (R) is closed under extensions. We have the equality
where
In particular, if B is the class of injective right R-modules and R is a left GF-closed ring, we recover [YL12b, Corollary 3.12].
For the proof of Proposition 3.9 we will use the following two results. 
Proof
Proof of Proposition 3.9. The inclusion (⊆) is Lemma 3.8.
For the inclusion (⊇) the same argument as in [YL12b, Lemma 3.9] works, using Lemmas 3.10 and 3.11 instead of [YL12b, Lemmas 3.4 and 3.8] and replacing the class of Gorenstein flat modules with that of Gorenstein B-flat modules.
4. The B-flat stable module category.
If we are given two complete and hereditary cotorsion pairs (Q, R ′ ) and (Q ′ , R) in an abelian category C such that Q ′ ⊆ Q, R ′ ⊆ R and Q ′ ∩ R = Q ∩ R ′ , then there exists a full subcategory W ⊆ C such that (Q, W, R) is a Hovey triple in C, that is:
(1) (Q, R ∩ W) and (Q ∩ W, R) are complete cotorsion pairs in C.
(2) W is thick : it is closed under extensions, kernels of epimorphisms and cokernels of monomorphisms between its objects, and under direct summands.
Due to Hovey's correspondence [Hov02, Theorem 2.2], the existence of such triple (Q, W, R) implies the existence of a unique abelian model structure on Q such that:
• A morphism f is a (trivial) cofibration if, and only if, it is monic and CoKer(f ) ∈ Q (resp., CoKer(f ) ∈ Q ∩ W = Q ′ ).
• A morphism g is a (trivial) fibration if, and only if, it is epic and Ker(g) ∈ R (resp., Ker(g) ∈ R ∩ W = R ′ ). Now let B be a class of right R-modules that contains the injective right R-modules. We shall show that it is possible to apply the previous result in the setting where: Proof. Let us first prove the inclusion (⊇). So suppose we are given a left R-module M ∈ GF B (R) ∩ GC B (R). We already have that M ∈ C(R), since every Gorenstein B-cotorsion module is cotorsion. On the other hand, since M is Gorenstein B-flat, we have a short exact sequence
where F is flat and M ′ is Gorenstein B-flat. This sequence splits, since M is Gorenstein Bcotorsion and so Ext 1 R (M ′ , M ) = 0. Hence, M is a direct summand of the flat R-module F , and so M ∈ F(R).
Now let us show the remaining inclusion (⊆). Let N ∈ F(R) ∩ C(R).
Then, it is clear that N is Gorenstein B-flat. On the other hand, since (GF B (R), GC B (R)) is a complete cotorsion pair, there exists a short exact sequence
where C ∈ GC B (R) and F ∈ GF B (R). Since N and F are Gorenstein B-flat and GF B (R) is closed under extensions, we have that C ∈ GF B (R) ∩ GC B (R) ⊆ F(R) ∩ C(R). It follows that F is a Gorenstein flat module with finite flat dimension, and so F is flat by [EJ00, Corollary 10.3.4]. Then, we have that Ext 1 R (F, N ) = 0 since N is cotorsion, and so the previous exact sequence splits. It follows that N is a direct summand of C ∈ GC B (R), and hence N ∈ GC B (R).
Thus we have:

Theorem 4.2 (the Gorenstein B-flat model structure on Mod(R)). Assume GF B (R) is closed under extensions and B contains all injective right R-modules. Then, there exists a unique abelian model structure on Mod(R) such that GF B (R) is the class of cofibrant objects, and C(R) is the class of fibrant objects.
Corollary 4.3 (the Gorenstein flat model structure over GF-closed rings). Let R be a GF-closed ring. Then, there exists a unique abelian model structure on Mod(R) such that GF (R) is the class of cofibrant objects
The ideas/constructions above also work in the category of complexes. The proof of the compatibility condition does not mimic exactly the one for modules, so we include it here for completness.
Proposition 4.4 (compatibility between the flat and Gorenstein B-flat cotorsion pairs). If GF B is closed under extensions and if B contains all the complexes of injective right R-modules, then the equality
F(R) ∩ ( F (R)) ⊥ 1 = GF B (R) ∩ GC B (R)
holds true (where F(R) is the class of flat complexes and ( F (R)) ⊥ 1 = dg(C(R)) that of dgcotorsion complexes, that is, those complexes Y ∈ Ch(C(R)) such that every morphism F → Y is homotopic to 0 whenever F ∈ F(R)).
Proof. The inclusion (⊇) follows as in the module case. Now let us show the remaining inclusion (⊆). Let X ∈ F(R) ∩ ( F(R)) ⊥ 1 . Since X is flat, it is also Gorenstein B-flat. On the other hand, since (GF B (R), GC B (R)) is a complete cotorsion pair in Ch(R), there exists a short exact sequence
where C ∈ GC B (R) and F ∈ GF B (R). Since X and F are Gorenstein B-flat complexes and this class is closed under extensions, we have that C is Gorenstein B-flat. But also, C ∈ GC B (R), so C ∈ GF B (R) ∩ GC B (R). By the inclusion (⊇), C is flat. It follows that F is a Gorenstein flat complex with finite flat dimension ≤ 2. Then, in particular, each F m is a Gorenstein flat module and so F + m is Gorenstein injective. Thus F + is a Gorenstein injective complex ([YL11], Proposition 2.8). Also, id(F + ) = fd(F ) ≤ 2. So there is an exact sequence of complexes
with E 0 and E 1 injective complexes. Since E 1 is injective and F + is Gorenstein injective, the sequence splits, so F + is an injective complex. It follows that F is a flat complex ([GR99], Theorem 4.1.3). Since X ∈ ( F (R)) ⊥ 1 it follows that the sequence (4.1) splits so C ≃ X ⊕ F , and therefore X ∈ GC B (R).
Thus, the previous proposition yields the Gorenstein B-flat model structure for complexes: 
is the class of fibrant objects.
Model structures arising from Gorenstein B-flat modules and complexes.
In this section we will make use of a recent result by Gillespie [Gil16, Theorem 4.10] to yield a recollement in Ch(R) between homotopy categories that involve the class of Gorenstein B-flat modules. To this aim, we shall assume that the class GF B (R) is closed under extensions. 
The core of each triple M 1 , M 2 and M 3 equals to the class of contractible complexes with components in GF B (R) ∩ GC B (R). So we have a left recollement between the corresponding homotopy categories:
Ho
(here GF B (R) denotes the class of acyclic complexes in K(GF B (R)) with cycles in GF B (R)).
Comparison between Gorenstein B-flat models in Ch(R). Let B be a class of right Rmodules, and D a class of complexes such that D ⊇ Ch(B). Assume that D contains all injective complexes and that GF D (R) is closed under extensions. From Theorems 4.5 and 5.1 we have the two models Ch(R) D-flat and M 2 in Ch(R). They are given by the triples
). The homotopy category Ho(Ch(R) D-flat ) is triangle equivalent to the stable category
where f ∼ g if f − g factors through a complex in F(R)∩ ( F (R)) ⊥ (i.e. a flat cotorsion complex). In turn, the homotopy category Ho(M 2 ) is triangle equivalent to
In this section we get an adjunction between these the two homotopy categories. We need to recall the notion of Quillen adjunction between two model categories: 
Proof. First of all, it is clear that the functor id : M 2 → Ch(R) D-flat is a right adjoint functor of id : Ch(R) D-flat → M 2 . To prove that id : Ch(R) D-flat → M 2 is a left Quillen functor, we need to show that a cofibration (resp. a trivial cofibration) in Ch(R) D-flat is also a cofibration in M 2 (resp. a trivial cofibration in M 2 ). Let us first show the claim for cofibrant maps. A cofibration in the model Ch(R) D-flat is a monomorphism with cokernel a Gorenstein D-flat complex (i.e. a complex in GF D (R)), and a cofibration in the model M 2 is a monomorphism with cokernel a complex of Gorenstein B-flat modules (i.e. a complex in Ch(GF B (R))). By Lemma 3.8 we have the containment GF D (R) ⊆ Ch(GF B (R)). Hence the claim follows. Let us see the case of trivial cofibrant maps. But a trivial cofibration in the model Ch(R) D-flat is a monomorphism with cokernel a flat complex (i.e. a complex in F(R)) and a trivial cofibration in the model M 2 is a monomorphism with cokernel a Gorenstein flat complex (i.e. a complex in GF (R)), so the statement follows since F (R) ⊆ GF B (R).
So id : Ch(R) D-flat → M 2 is a left Quillen functor, and then by Lemma 5.3, we have that id : M 2 → Ch(R) D-flat is a right Quillen functor. Finally from Lemma 5.5 we have a derived adjunction (L(id), R(id)) given by the total left derived functor
and the total right derived functor
Comparison between the B-flat model and the induced degreewise flat model in Ch(R). From now on we will consider a class B of right R-modules in the assumptions of Proposition 3.9. Then, as in Proposition 3.9, B will denote its associated class of complexes. For example, we can think in B as the class of injective right R-modules, so then B coincides with the class of injective complexes.
The flat cotorsion pair (F(R), C(R)) in Mod(R) induces a degreewise model structure in Ch(R), denoted by Ch(R) dw-flat , and given by the triple:
Its homotopy category is the derived category D(F(R)) of flat complexes and it is triangle equivalent to the Verdier quotient
(here F(R) are the flat complexes as a localizing subcategory of K(F(R))).
Under the assumptions of Proposition 3.9 we get that GF B = Ch(GF B (R)). Therefore in this case Theorem 4.5 gives the following model in Ch(R):
Since the containment Ch(F(R)) ⊆ Ch(GF B (R)) always holds, and the trivially cofibrant objects of the two models agree (the class of flat complexes), the same argument of Proposition 5.6 applies to show that the identity functor is a Quillen adjunction between the two models:
Proposition 5.7. The identity functor id : Ch(R) dw-flat → Ch(R) B-flat is a left Quillen functor. So there is a derived adjunction between D(F(R)) and (GF B ∩ dg(C(R)))/ ∼. 6. Some instances where GF B (R) is closed under extensions.
Chirality pairs.
As we show in the previous sections, many of the nice properties of the class GF B (R) rely on the fact that it is closed under extensions. There are several situations under which we can show this closure property, namely:
(i) R is right coherent and B is the class of all absolutely clean right R-modules.
(ii) R has finite weak dimension.
(iii) Let B be the right part of chirality pair (see the definition below). Every right R-module in B is the direct limit of a direct system of modules in ⊥ 1 B. In this case, we shall say that B is ⊥ 1 B-admissible. Regarding the case (i), by [BGH, Corollary 2.9], we know that a ring R is right coherent if, and only if, the classes of absolutely clean and absolutely pure right R-modules coincide. It follows that if R is a right coherent ring, then the classes of Gorenstein flat and Gorenstein AC-flat left R-modules coincide. So, case (i) follows since every right coherent ring is GF-closed.
Concerning case (ii), if R has finite weak dimension, we can use Bennis' arguments in [Ben09, Proposition 2.2] to note that the class of Gorenstein B-flat left R-modules coincide with the class of flat left R-modules, which is closed under extensions.
Case (iii) deserves a special treatment, and shall be studied for the rest of this section. We start by showing the following characterization of Gorenstein B-flat modules which removes the dependence on the tensor product bifunctor, which is motivated by Murfet and Salarian's [MS11, Theorem 4.18]. We first need to define the notion of chirality pair.
Definition 6.1. We consider two complete hereditary cotorsion pairs (A, A ⊥ 1 ) and ( ⊥ 1 B, B) such that both (A, B) and (B, A) are duality pairs in the sense of Holm-Jorgensen and such that A ⊆ Ker(Tor R 1 ( ⊥ 1 B, −) ). In this case we say that (A | B) is a chirality pair. In the previous definition, as the cotorsion pairs (A, A ⊥ 1 ) and ( ⊥ 1 B, B) are hereditary, we have
Example 6.2.
(1) Let R be a right noetherian ring. Denote by I(R op ) the class of injective right R-modules.
It is not hard to check that (F(R) | I(R op )) is a chirality pair. Moreover, I(R op ) is clearly ⊥ (I(R op ))-admissible. (2) Let R be a right coherent ring. Denote by AP(R op ) the class of absolutely pure right R-modules. Then, it is known that (F(R), AP(R op )) and (AP(R op ), F(R)) are duality pairs. Moreover, we have the complete hereditary cotorsion pair
)-admissible, since every right R-module (and in particular every module in AP(R op )) is a direct limit of finitely presented right R-modules. Hence, we have that (F(R) | AP(R op )) is a chirality pair. (3) In a more general sense, if we denote the classes of FP n -injective right R-modules and FP n -flat left R-modules by I n (R op ) and F n (R), respectively, we have duality pairs (F n (R), I n (R op )) and (I n (R op ), F(R)) by [BP17, Propositions 3.5 and 3.6] for n > 1.
In the case R is a left and right n-coherent ring, we have hereditary complete cotorsion pairs (F n (R), (F n (R)) ⊥ ) and ( ⊥ (I n (R op )), I n (R op )) in Mod(R) and Mod(R op ), respectively. However, the inclusion F n (R) ⊆ Ker(Tor
is not necessarily true, and so (F n (R) | I n (R op )) is not in general a chirality pair.
This example includes the case n = ∞, in which F ∞ (R) and I ∞ (R op ) are the classes of level left R-modules and absolutely clean right R-modules studied in [BGH] . The previous assertions hold for arbitrary rings, since any ring is ∞-coherent, clearly from [BP17, Definition 2.2]. (1) B ⊗ R F is an exact complex of abelian groups for every right R-module B ∈ B(R op ).
Then, the following assertions hold:
• (1) implies (2).
• (3) implies (1).
• If in addition every right R-module in B is the direct limit of a direct system of right R-modules of B i ∈ ⊥ B, then (2) implies (1).
Proof. We split the proof into the several implications mentioned in the statement:
• (1) =⇒ (2): Suppose B ⊗ R F is an exact complex of abelian groups for every B ∈ B(R op ), and consider an R-module A ∈ A(R) ∩ (A(R)) ⊥ . Consider the pure exact sequence
Since A ∈ A(R) and both (A, B) and (B, A) are duality pairs we have that A ++ ∈ A(R). Also, since (A, B) is a duality pair, the class A(R) is closed under pure quotients, so A ++ /A ∈ A(R). We have that A ∈ (A(R)) ⊥ , so Ext 1 R (A ++ /A, A) = 0, and therefore the sequence splits. So A is a retract of A ++ . Then, we have a retraction at the level of chain complexes Hom R (F , A) → Hom R (F , A ++ ). Thus, Hom R (F , A) shall be exact if we manage to show that Hom R (F , A ++ ) is exact. For this, we need to consider the following natural isomorphism:
Since A + ∈ B(R op ), the complex A + ⊗ R F is exact. Then since the functor Hom R (−, Q/Z) is exact, we finally have that Hom R (F , A ++ ) is exact. Hence, Hom R (F , A) is an exact complex for every
we know that B + ∈ A(R) and B + is clearly a cotorsion module, and so B + ∈ A(R) ∩ (F(R)) ⊥ . Thus, we have that Hom R (F , B + ) is an exact complex of abelian groups. Using a natural isomorphism as in (6.1), we have that Hom Z (B ⊗ R F , Q/Z) is an exact complex of abelian groups, which in turn implies that the complex B ⊗ R F is exact since Q/Z is an injective cogenerator in the category of abelian groups. Now assume in addition that every R-module B ∈ B(R op ) can be written as B = lim − →i∈I B i , where I is a directed set and B i is a right R-module in ⊥ (B(R op )) for every i ∈ I. Under this assumption, let us show the following implication:
• ( Definition 6.4. Let X and Y be two classes of left R-modules such that X contains the class of projective left R-modules. A left R-module M is said to be (X , Y)-Gorenstein projective if there exists an exact complex X ∈ Ch(R) with X m ∈ X for every m ∈ Z such that:
(1) M = Z 0 (X).
(2) X is Hom R (−, Y)-acyclic.
We shall denote the class of (X , Y)-Gorenstein projective modules by GP (X ,Y) (R).
In the case where (X , Y) is an hereditary and complete cotorsion pair in the previous definition, it is possible to obtain several properties for GP (X ,X ∩Y) (R). These are results due to A. Xu [Xu] , and shall be used in the proof of the following proposition. We shall focus on the case where (X , Y) is the complete and hereditary cotorsion pair (A(R), (A(R)) ⊥ ) in Mod(R) for a given chirality pair (A, B). Proof. We split the proof into three parts:
• We first show the inclusion F(R) ⊆ A(R): We are assuming that (A(R), B(R op )) is a coproduct-closed duality pair in the sense of Holm and Jørgensen, and so it is also perfect (see [HJ09, Definition 2.1]). Now let F ∈ F(R). By Lazard's Theorem [Osb00, Theorem 8.6], we have that F is a direct limit of a direct system of finitely generated free modules, and so modules in A(R) since A(R) contains the projective modules. Since A(R) is closed under arbitrary coproducts, and so in particular under direct limits, we have that F ∈ A(R).
• Proof of the inclusion GF B (R) ⊆ GF(R) ∩ GP (A,ω) (R): This follows by Proposition 6.3, by the fact that every injective right R-module is in B(R op ), and by the inclusion F(R) ⊆ A(R).
• Proof of the inclusion GF B (R) ⊇ GF(R) ∩ GP (A,ω) (R): Assume that B(R op ) is ⊥ (B(R op ))-admissible, and let M ∈ GF(R) ∩ GP (A,ω) (R). Then, M = Z 0 (F ) where F is an exact complex of flat left R-modules such that B ⊗ R F is an exact complex of abelian groups for every B ∈ B(R op ). Moreover, since M ∈ GP (A,ω) (R) we have by [Xu, Lemma 3.3] that M ∈ ⊥ (ω(R)). Now let us show that Z m (F ) ∈ ⊥ (ω(R)) for every m ∈ Z. On the one hand, we have a short exact sequence
where M ∈ ⊥ (ω(R)) and F 1 ∈ F(R) ⊆ A(R) ⊆ ⊥ (ω(R)). Since the total orthogonal class ⊥ (ω(R)) is resolving, we get Z 1 (F ) ∈ ⊥ (ω(R)). Using this argument repeatedly, we have that Z m (F ) ∈ ⊥ (ω(R)) for every m ≥ 0. On the other hand, by [Gil08, Lemma 4.2], we have the following chain of natural isomorphisms for every A ∈ ω(R): , and so it follows that Z m (F ) ∈ ⊥ (ω(R)) for every m < 0. Hence, F is an exact complex of flat left R-modules with cycles in ⊥ (ω(R)), and so it is Hom R (−, ω(R))-acyclic by a well known homological lemma [SSW11, Lemma 2.9]. By Proposition 6.3, we have that F is (B ⊗ R −)-acyclic for every B ∈ B(R op ). Therefore, M ∈ GF B (R).
We have the following consequence. Proof. Being the class B(R op ) ⊥ (B(R op ))-admissible, then we have the equality GF B (R) = GF (R) ∩ GP (A,ω) (R) by Proposition 6.5, where GP (A,ω) (R) is closed under extensions by [Xu, Proposition 3.7] . On the other hand, since R is GF-closed, we have that GF(R) is also closed under extensions. Hence, the result follows.
